We report on recent results on the two-mass corrections for massive operator matrix elements at 2-and 3-loop orders in QCD. These corrections form the building blocks of the variable flavor number scheme. Due to the similar values of the charm and bottom quark masses the two-mass corrections form an important contribution.
Introduction
The heavy flavor corrections to deep-inelastic scattering to 3-loop order are an important asset to describe the structure functions in the region of lower values of x and to account for the scaling violations correctly, which are different in the massless and massive cases. They are required in precision measurements of the strong coupling constant [1] , the determination of the heavy quark masses [2] [3] [4] , and the parton distribution functions [4] [5] [6] . In a long program, cf. [7] , the different heavy flavor contributions to deep-inelastic scattering are calculated in the region Q 2 m 2 . For all quantities a series of Mellin moments has been obtained in [8] . The corrections in terms of the general Mellin variable N in the single heavy mass case were calculated in the non-singlet, the pure singlet, the gq-and gg-cases [9] [10] [11] [12] [13] [14] [15] [16] , as well as for all logarithmic corrections [17] . Likewise, we have also obtained all 3-loop anomalous dimensions γ i j contributing to the heavy flavor case in Refs. [9, 10, 14, 18] , which are the terms ∝ T F . In case of γ PSand γ qg these are the complete anomalous dimensions. All the 1st order factorizing contributions to the operator matrix element OME A
(3)
Qg , i.e. the contributions due to iterative integrals, have been computed [7] . The calculation of these quantities required the development of several new computation techniques and algorithms, cf. Ref. [19] for a survey.
Already at 2-loop order, two-mass corrections contribute to the heavy flavor Wilson coefficients in the form of reducible terms, cf. [20] . However, for many years, they were not considered in the variable flavor number scheme (VFNS) [21] . At 3-loop order, genuine two-mass contributions appear [20] . For them a number of moments has been calculated expanding in the mass ratio
Ref. [20, 22, 23] . In the flavor non-singlet, transversity and gq-cases, the general N-and x-results have been calculated in Ref. [20] .
More recently, the complete 3-loop corrections in the flavor pure-singlet case [24] and for the massive OME A gg [25] have been computed. These results are discussed in Section 2. At 2-loop order all two-mass terms are known. In Section 3 we discuss the variable flavor number scheme at 2-loop order, extended to the 2-mass case and describe the corresponding changes for the parton densities [26] . They turn out to be of relevance for precision measurements at the LHC, comparing to the single mass case. Section 4 contains the conclusions.
Three-Loop Corrections
Recently we computed the two-mass 3-loop corrections to the OMEs A PS,(3) Qq and A (3) gg,Q in Refs. [24, 25] . Contrary to the 3-loop non-singlet cases and A gq , the η-dependence does not factorize here. The analytic results can be represented in terms of iterated integrals over general alphabets and specific integrals thereof. The iterated integrals are given by
with letters f l (x), which may depend on the additional parameter η and usually form root valued irrational functions. The package HarmonicSums [27] [28] [29] allows the automated calculation of these integrals and the reduction of special constants which appear in this context. It turns out that the calculation of the OME A PS,(3) Qq cannot be easily done in N space. It is therefore computed in x-space and written in terms of a Mellin transform, separating a series of N-dependent pre-factors, which will be dealt with at a later stage. The contributing mass ratios are either ruled by η or 1/η. In the former case only one principle integration region is obtained, while in the latter case the regions
Besides the letters of the usual harmonic polylogarithms (HPLs) [30] , two more letters
contribute to the integrals of the Mellin transforms. Finally, one has to incorporate the N-dependent pre-factors by partial integration. From the global Mellin-transform one then obtains the two-mass contribution to the OME A PS,(3) Qq
. The structure of the constant term in ε is given by The functions K, f i , g i and h i are given in Ref. [24] and can be represented in terms of HPLs at more involved arguments for which the numerical representation is available [32, 33] . In Figure 2 the ratio of the 3-loop two-mass corrections in the pure singlet case is compared to the complete O(T 2 F C F (C A )). The ratio behaves about flat as a function of x, with some rise towards x = 1 and grows with µ 2 to typical values of ∼ 0.4 and is therefore a significant contribution at this order.
In Ref. [25] we have calculated the 3-loop two-mass contributions to the OME A gg . Here the calculation can be either performed in N-or x-space. In N-space it requires one analytic Mellin-Barnes integral aside of integrals which can be performed using simpler methods. We have chosen the direct calculation of all contributions, which leads to a large set of individual sum expressions. The largest diagram led to a representation of ∼ 100MB. We use modern summation technologies [34] encoded in the package Sigma [35, 36] . The sums are first crunched to a few master sums using the package SumProduction. The latter sums are solved individually using EvaluatMultiSums [37] and limits to infinity are performed using built-in routines of HarmonicSums. Finally the results are reduced to basic sums. In the case of the largest diagram, ∼ 78 days were needed to perform the sums and ∼ 33 days to reduce to the basis, i.e. to eliminate all relations between the sums. The full summation of this OME took about five months.
Typical sums occurring are
These are generalized harmonic sums at real weights, cf. e.g. [28] and nested binomial sums over these objects, which generalize the class of sums having been dealt with in Ref. [38] before. HarmonicSums provides algorithms to perform the inverse Mellin transform to x space. Here iterated integrals of the kind (2.1) occur. The letters of the corresponding alphabet are those of the usual HPLs and
Again rational pre-factors in N have to be absorbed like in the pure singlet case. This leads to a one-dimensional integral representation over integrands out of HPLs with involved argument, well suited for a fast numerical evaluation. In Ref. [25] detailed lists of integrals and special constants of the type (2.1) emerging in the present context have also been given which can be used in similar calculations.
The relative effect of the 3-loop two-mass contributions to A gg in comparison to all O(T 2 F C F (C A )) terms is illustrated in dependence of x and µ 2 . The ratio behaves flat in the small x region, with some structure towards larger values of x. The ratio grows with µ 2 and reaches values of ∼ 0.4 at µ 2 = 1000GeV 2 .
Two-mass Corrections in the Variable Flavor Number Scheme
Since the mass ratio squared η for charm and bottom is not a very small number, one cannot treat charm quarks as massless at the scale µ = m b . The decoupling in the variable flavor number scheme has therefore to account for the 2-mass effects from O(α 2 s ) onward. In the usual VFNS, one decouples one heavy quark at a time, cf. Ref. [21] . Its generalization, cf. Ref. [26] , accounts for the two-mass effects. The corresponding transition rules are:
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where a s = α s /(4π). dash-dotted line: Q 2 = 1000 GeV 2 ; full line: Q 2 = 10000 GeV 2 ; from Ref. [26] .
Comparing the two-mass contributions to the different parton distribution functions with the complete result one finds O(1%) effects e.g. for the flavor singlet distribution. For the bottom quark distribution the effect can reach O(5%) at typical scales Q 2 ∈ [30, 10000]GeV 2 at the LHC, see Figure 3 .
At 3-loop order still the two-mass corrections to the OME A
Qg have to be calculated in order to describe the generalized VFNS. This is work in progress and currently O(500) even moments have been calculated, expanding in the mass ratio η to the 5th order.
Conclusions
The 2-mass contributions to the massive OMEs in deep-inelastic scattering have a significant numerical effect on a series of parton distributions in precision data analysis. Already at 2-loop order the bottom quark distribution at the LHC receives about 5% corrections, while those for other PDFs are smaller, but not negligible at the 1% level. We have by now calculated all two-mass contributions at 3-loop order, but those for the massive OME A Qg . In the latter case, iterative integrals will not be sufficient to represent this quantity and at least iterated integrals over elliptic integrals are contributing as well, cf. [39, 40] . In an ongoing study we investigate first a large number of Mellin moments expanding in the mass ratio η working towards a two-mass generalization of the VFNS also at 3-loop order. Along with the present calculations, again new powerful analytic integration techniques have been designed, which can be used in other 2-and 3-loop calculations facing two-scale problems.
